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Abstract. Given a countable dense subset D of an infinite-dimensional separable 
Hilbert space H the set of operators for which every vector in D except zero is hyper- 
cyclic (weakly supercyclic) is residual for the strong (resp. weak) operator topology in 
the unit ball of L(H) multiplied by R > 1 (resp. R > 0). 



Introduction 

We show that a typical (in the Baire category sense for the strong operator topol- 
ogy) operator (with norm bounded by R > 1) on a separable Hilbert space admits a 
prescribed countable set of hypercyclic vectors. For the weak operator topology an 
analogous statement holds with "weakly supercyclic" in place of "hypercyclic". 

Existence proofs using the Baire category theorem have a rich history. A classical 
example is the fact that a typical (in the Baire category sense) continuous functions 
on an interval is nowhere differentiable, due to Banach and Mazurkiewicz. In ergodic 
theory it is well-known that a typical measure-preserving transformation is weakly but 
not strongly mixing, a result due to Halmos [ 9 ] and Rohlin | |12 || . 

The following notation is used throughout the article. 

• H is a separable infinite-dimensional Hilbert space with scalar product (•,•). 

• D c H \ {0} is a countable dense subset. 

• B R = {T e L(H) : ||r|| < R} is the closed ball of radius R in the space of 
bounded linear operators on H. 

For a linear operator T on H, a vector x e H is called cyclic if the span of the orbit 
linjx, Tx, T 2 x, ...} is dense in H, (weakly) supercyclic if C{x, Tx, T 2 x, ...} is (weakly) 
dense in H and (weakly) hypercyclic if the orbit itself {x, Tx, T 2 x, . . .} is (weakly) dense 
in H. An operator is called cyclic, resp. (weakly) supercyclic, resp. (weakly) hyper- 
cyclic if it admits a cyclic, resp. (weakly) supercyclic, resp. (weakly) hypercyclic vector. 

Note that (weak) hypercyclicity implies (weak) supercyclicity that implies cyclicity. 
Also, the norm of a hypercyclic operator is necessarily greater than one. An example 
of a hypercyclic operator is R times the left shift on Z 2 (N) f° r an Y R > 1. 

For convenience let us point out some known properties of hypercyclic operators. 
By Birkhoff's transitivity theorem [4] hypercyclicity is equivalent to topological transi- 
tivity. Every hypercyclic operator admits a residual set of hypercyclic vectors, see for 
instance [0 • Furthermore, the vectors that are hypercyclic for an operator T are also 
hypercyclic for every positive power T" JTJ . General criteria for a family of operators 
to possess common hypercyclic vectors may be found in [2 J and II 1 3 II - The book by 
Bayart and Matheron [31 is an excellent source of information. 
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Statement of results 

Theorem 1. Let R > 1. Then the subset L HC (D) of operators T for which every x e D is 
hypercyclic is dense G 5 in the ball B R for the strong operator topology. 

Writing B R = |b 2 > a PPlyi n g Theorem Q] and noting that every multiple of a hyper- 
cyclic operator is supercyclic we obtain the following result. 

Corollary 2. Let R > 0. Then the subset L SC (D) of operators T for which every x e D is 
supercyclic is dense G 5 in the set B R for the strong operator topology. For every such T the 
set of supercyclic vectors is residual in H for the norm topology. 

Here, the last statement is obtained by a slight modification of the standard argu- 
ment for hypercyclic vectors. 

A strongly typical contraction on a Hilbert space is unitarily equivalent to the left 
shift operator on £ 2 (N,£ 2 (N)) by a result of Eisner and Matrai [6, Theorem 2.10]. In 
particular, it is supercyclic. Corollary [2] shows that strongly typical contractions even 
have common supercyclic vectors. 

Theorem 3. Let R > 0. Then the subset L wSC {D) of operators T for which every x e D 
is weakly supercyclic is dense G 5 in the ball B R for the weak operator topology. For every 
such T the set of weakly supercyclic vectors is residual in H for the norm topology. 

By a result of Eisner [5 , Theorem 2.2] a weakly typical operator in B x is also unitary. 
Theorem [3] improves Hill Theorem 8.26] in that the typical operator is not just cyclic, 
but admits a prescribed set of weakly supercyclic vectors. 

Restricting attention to the set of unitary operators we recover denseness of cyclic 
operators in the norm topology. 

Theorem 4. The set L c of cyclic unitary operators onH is norm dense in the set of unitary 
operators. 

Finally, a residuality result holds for the norm topology on a finite-dimensional 
space. 

Theorem 5. Let X be a finite-dimensional Banach space and E c X \ {0} a countable 
subset. Then the subset L C {E) of operators T for which every x e E is cyclic is dense G 5 
in the set L(X)for the norm topology. 

1. Strong operator topology 

We start with an approximation result that provides the density part of the statement 
of Theorem [TJ 

Lemma 6. Let x 1 , . . . , x n e H be vectors with norm 1; R > 1; T e B R ; x e H \ {0}, zeH 
further fixed vectors and e > 0. Then there exists a finite rank operator S e B R such that 
||(S - T)Xj\\ < efor all j and z = S N 'x for some natural number N =N{R,e, \\x\\, \\z\\). 

Proof. Let P be the orthogonal projection onto lin{x 1 , . . . , x n }. Consider the finite di- 
mensional linear subspace V := PH + TPH c H and denote by P v the orthogonal 
projection onto V. Perturbing the vectors x ; and the operator T in norm and lowering 
e, we can assume \\x— P v x\\ = j > 0. Set e := (x— P v x)/y and decompose H = V®1 2 , 
so that e is the first vector of an orthonormal basis {ej} oil 2 . 

Morally, we are looking for an approximation f such that ||r N e || grows faster 
than ||f|^||. Then, after a sufficient number of steps, f N x can be sent to z by a tiny 
perturbation. 
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Given MeN,5el and z e H that are to be chosen later we consider the operator 
Shift M on H = V ffi I 2 that maps e ; to e J+1 if j < M and to if j > M and that is zero on 
V. Furthermore we set f := TP + (R + 5)Shift M and cp(y) := (y,e M ). Now we make 
the tiny perturbation 

where the tensor product of a linear form <f> and a vector v is the rank one operator 
(</> ® v)(w) = <p[w)v. For every ; we have Sx ; - = Tx ; - since x ; - e V. Furthermore, 

S M+1 x=S M+1 P v x + r S M+1 e 

= (TP) M+1 P v x + r (# + 5) M Se M 

= (rP) M+1 x + (z-(TP) M+1 x) 

= z 

The norm of S is bounded by 

\\z-{TP) M+1 x\\ ||z||+R M+1 ||x|| 
||5||<max { ||T|U + 5} + 1 <R +5+ " \ R + §)U " ■ 

Now it is sufficient to make the following choices. 

• 5 such that 35 < e and R + 5 > 1 + 35 /R, 

• M such that y[R + 5) M >R M+1 ||x||/5 and r(R+5) M > ||z||(l +35/R) M+1 /5, 

• z = z(l + 35/R) M+1 . 

Then ||S|| < R + 35 and thus S := has norm less than or equal to R. It also 

satisfies S N x = z with JV = M + 1 and 



35 



||(S - T) Xj \\ = ||(S -S)x ; || = — — IISjcjM < 35||x ; || < e. □ 

Now we use the Baire category theorem to amplify this result. 

Proposition 7. Let R > 1. Given a vector x e H \ {0}, the set L HC (x) of operators on H 
for which x is a hypercyclic vector is dense G 5 in B R for the strong operator topology. 

Proof. Let (0,-)°! 1 be a countable base of the norm topology on H. Then 

L HC (x) = n^Mj, where M ; = U n {T : T"x e ; }. 

The sets Mj are strongly dense in B R by Lemma[6]with zeOj and open since T"x e 
implies S"x e for all S in a strong neighborhood of T associated with the seminorms 
generated by x, . . . , T Ar_1 x (note that we only consider a bounded set of operators). 

Hence the set L HC (x) is G 5 in B R . The Baire category theorem implies that it is 
dense. □ 

Proof of Theorem^ Since D is countable, L HC {D) = <~i x<e dLhc( x ) i s dense G 5 by Propo- 
sition[7]and the Baire category theorem. □ 

Note that our proof still works if we replace H by an arbitrary Banach space that 
admits projections with norm arbitrarily close to one onto every finite-dimensional 
subspace. 

We now prove the last statement in Corollary [H Let (0,)°^ be a countable base of 
the norm topology on H. The set of supercyclic vectors of T is given by 

n°° =1 M } , where M ; = U neN>asC {x e H : ar"x e ; }. 
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Each Mj is open because T is continuous and dense because it contains D. The Baire 
category theorem concludes the proof. 

2. Weak operator topology 

In principle, the switch to a coarser operator topology makes the approximation 
easier. However, we need additional information in order to upgrade weak to strong 
convergence in the amplification process. 

Lemma 8. Let x 1 ,..., x n , y 1; . . . ,y n e H be fixed vectors with norm 1; R > 1, T e B R , 
x e H \ {0}, z e H further fixed vectors and e > 0. Then there exists a finite rank operator 
S e B R and a natural number N = N(R, e, \\x\\, ||z||) such that |((S — T)Xj,yj)\ < e and 
(z — S N x,yj) = for every j and \\S l+1 x\\ = R||S'x|| for every I < N. 

Proof. By Lemma [6] we can assume that z = T N x, that T(H) c V and that T vanishes 
on V , where V is a finite-dimensional subspace. 

Only the property ||s' +1 x|| = R||s'x|| for I < N is missing. 

Observe that [x,y] := {(R 2 Id— T*T)x,y) is a positive semidefinite sesquilinear 
form on V. Let S id : V — » W := {V, [•,■])/{* : [x,x] = 0} be the canonical projec- 
tion onto the quotient of V by the [•, -]-zero vectors. Note that (W, [•,•]) is a finite- 
dimensional pre-Hilbert space, hence complete. The operator T ®S id :V —> ® W 
is R times an isometry since ((T ®S id )x,(T ffi S id )y) ri - V)ew = {Tx,Ty) H + [x,y] = 
R 2 (x,y). 

Now select isometric copies W 1 , W 2 , ■■■ , W N <z H of W orthogonal to V, all of y h 
and to each other. Let S id : V — » W x be equivalent to S id (i.e. S id = US id with a unitary 
U) and S, : W l _ 1 -> W, be R times unitary for 2 < / < JV. Extend all the S, to H by 
letting them be on the subspaces orthogonal to their respective domains of definition. 

Then S := T + S id + S 2 H h S N still approximates T weakly (since its values differ 

from those of T only by vectors orthogonal to all of yj) and ||S ,+1 x[| = R|[S'x|| for 
/<JV. □ 

Corollary 9. Let x 1 , . . . ,x n ,y 1 , . . . ,y n e H be fixed vectors with norm 1; T e B x , x G 
H \ {0}, z e H further fixed vectors and e > 0. Then there exists a finite rank operator 
S G B x , a number ael and a natural number N = JV(e) such that |((S — T)x ; -,y ; )| < e 
and (z — aS N x,yj) = 0/or every; and ||S x|| = ||S'x|| for every I < N. 

Proof. Apply Lemma [5] with a small R > 1 and divide the resulting approximation S by 
R. □ 

Proposition 10. Given a vector x e H \ {0}, the set L lvSC (x) of operators on H for which 
x is weakly supercyclic is dense G 5 in B 1 for the weak operator topology. 

Proof. Let (O/)^ be a countable base of the weak topology on the open unit ball of H. 
Then 

L wS cM = f]jM } , where M ; - = u„ eNjfleC {r e B x : aT n x e ; }. 

By the Baire category theorem it is sufficient to show that in the weak operator 
topology the interior of each Mj is dense. For this end assume that ; is the weak 
neighborhood of z determined by y 1 ,...,y m and e'. We claim that for any T, any 
collection x 1 ,... , x n ,y m+1 , ... , y n , and any e < e', the approximation S given by Corol- 
lary [9] is in the interior of M ; . Indeed, assume the opposite. Then there exists a 
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sequence {S,}^ c B R \M ; - converging to S weakly. Since ||S(S ! x)|| = ||S'x|| for every 
I = 0,...,N - 1 and ||S fc || < 1, we see that 

||(S, -SXS ; x)|| 2 = ||S,(S<x)|| 2 + ||S(S<x)|| 2 -23t<S fc (S ! x),S(S ( x)) 

< 2||(S i x)|| 2 - 23t(S t (S i x),S(S i x)) 2||(S i x)|| 2 - 23t(S(S'x),S(S i x)> = 

as k — > oo, cf. [10, Problems 20 and 21]. Induction on I using the estimate 

\\S l k X-S l x\\ < \\S k \\ • US'" 1 * -S ! - X X|| + ||S fc (S ; - 1 x)-S(s'- 1 x)|| 

shows that lim^^ ||s[x — s'x|| = for I = 0, ., .,N, and in particular lim^^ S^x = 
S N x. Thus all but finitely many S k belong to Mi, a contradiction. □ 

Proof of Theorem\3\ It suffices to consider the caseil = 1. Since D is countable, L wSC (D) = 
n xeD L wSC (x) is dense G 5 by Proposition [Tol and the Baire category theorem. 

To show the last assertion of the theorem let T e L wSC (D) and (Oj)~ 1 be a countable 
base of the weak topology on the open unit ball of H. The set of weakly supercyclic 
vectors of T is given by 

nf =1 M } , where M } = U neN>aeC {x e H : aT n x e ; }. 

Each Mj is open because ; is open in the norm topology and T is continuous, and 
dense because D c M ; by assumption. The Baire category theorem concludes the 
proof. □ 



3. Norm topology 

Approximation of operators in the norm topology is harder than in the strong or 
in the weak operator topology. We begin with the unitary case, where the spectral 
theorem reduces the task to a computation. 

Proof of Theorem^ Let U be a unitary operator on H. Using the spectral theorem 
we can approximate U by unitary operators such that the Hilbert space H admits an 
orthonormal basis {e;} i=01 of eigenvectors to pairwise distinct eigenvalues A ; , cf. 
1171 Prop. 2.1]. Thus we may assume that U enjoys this property. We claim that U is 
cyclic. 

Denote by A N the Vandermonde matrix generated by A , ...,A N . In the finite- 
dimensional case any vector that is not orthogonal to any of e^s is cyclic since the 
Vandermonde matrix A dimH _ 1 is invertible. 

In the infinite-dimensional case let a N := (iV + 1)!| det A N | _1 and define a sequence 
(b M ) inductively starting with b = 1 and setting 

with the usual convention for the sum to be zero if the lower bound of summation is 
greater than the upper bound. The sequence obtained in this way is strictly positive 
and rapidly decreasing in the sense that, for every N, 

oo h 2 

E ^< %. 

Z-l J a 2 

,=N+1 U N 
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In particular, it is quadratically summable. We claim that y := 2j=o ^j e j * s a cvc li c 
vector for U. It is sufficient to approximate every e ; - by finite linear combinations of 
I/^y. Observe that the partial sums y N = XijLo bj e j sat i s fy 

&N> u yN, ■■■> U N y N ) = (b e Q , b N e N )A N 

for every N. Hence, for every k < N, we have 

e k = ((y N ,Uy N ,...,U N y N )A~ 1 ) k /b k . 

Since the entries of A N have absolute value one, the elements of A^ 1 are bounded by 
JV!/|detA N |. Therefore 

\\e k -(.{y,Uy,...,U N y)A-\/b k \\ 2 

N 

= lll]^(y N -yXA^II 2 /^ 

;=0 

< (AT + l) 2 (JV!) 2 |detA N |- 2 ||y -y N \\ 2 /b 2 k 

OO 

= 4 2 ^ 

;"=N+1 

< b 2 /b 2 ^0asJV^oo, 

and we are done because ((y, [/y, . . . , U N y)A~ 1 ) k /b k e lin{y, L/y, . . . }• □ 

In the finite-dimensional case we merely need the first few elements of the orbit 
to be linearly independent to obtain cyclicity As the following lemma shows we can 
even make the full orbit linearly independent, at least in the infinite-dimensional case, 
though there is no guarantee that it shall span the whole space. 

Lemma 11. Let X be an infinite dimensional Banach space, T e L(X) a contraction, 
x e X \ {0} and e > 0. Then there exists a contraction S such that \\T — S\\ < e and 
x, Sx, S 2 x,... are linearly independent. 

Proof. Replacing T by T(l — e/2) and e by e/2 we may assume that ||T|| < 1 — e. 

Let T := T and construct a sequence of operators T k inductively. Given T k , define 
V k := lin{T°x, . . . , r^ -1 ^}, assume T k x ^ V k and choose a^eX' such that ip k \ Vk = 0, 

ip k (T£x) = 1. Choose w k ft V k + lin{T fc fc x, T fc fc+1 x} with ||w fe || < e/(2 fc+1 ||i/'/cll) and set 
T k+1 := T k +ip k ®w k . 

Then T l k+1 x = T l k x foxl<k and T*+*x &V k + lin{T^} = V k+1 . The contractions T k 
converge in norm to a contraction S such that ||T — S|| < e. The orbit of x under S is 
linearly independent by construction. □ 

In the finite-dimensional case this construction breaks down because 

V k + \m{T k k x,T k k+1 x}=X 

for some k, so that T k is in fact a cyclic contraction. Furthermore, any operator in 
a neighborhood of T k is also cyclic. Hence the subset L c (x) c L[X) of operators for 
which x is cyclic is open and dense in L[X) equipped with the norm topology. An 
application of the Baire category theorem gives Theorem 
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